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I. INTRODUCTION 



General relativity identifies the gravitational field with a Lorentzian metric on a smooth 
spacetime manifold M. This identification roots in the equivalence principle, i.e., in the inter- 
pretation of the tidal acceleration between two freely falling point particles in a gravitational 
field as the deviation between two geodesies which is due to the curvature of the underlying 
Lorentzian manifold. Note that in this picture, already the very definition of a freely falling 
point particle requires a metric in order to distinguish, from all possible spacetime histories, 
worldlines of stationary length (see, however, the pure torsion alternative 

Such reasoning, inextricably linking the gravitational field to a metric, loses much of 
its stringency if point particles are replaced by strings. But exactly this replacement lies 
at the heart of string theory, leading to the ambitious effort to reformulate and unify all of 
fundamental physics. The physical history of a string is accounted for by the two-dimensional 
worldsheet swept out by its motion through spacetime. Of course, given a metric, i.e., the 
ability to measure lengths and angles, one can also measure surface areas. On a metric 
manifold, it is thus possible to discuss surfaces of stationary area by variation of the area 
integral. The latter coincides with the Nambu-Goto action, which indeed describes free 
classical strings as worldsheets whose metric-induced area is stationary and satisfies suitable 
boundary conditions. 

However, it is far from the truth to assume that every area measure is induced from a 
metric. A two-form, for instance, may also induce a perfectly reasonable area measure, as 
we will see. Metric manifolds (of Lorentzian signature) therefore provide only a restricted 
class of backgrounds on which string theories can be formulated. This insight as such has 
not escaped the attention of string theorists, some of whose recent efforts have aimed, in a 
somewhat different context, at the formulation of generalized geometries based on a metric 
and a two-form potential 0, s], 4]. The geometric relevance of the Neveu-Schwarz two form 
also emerges from the Dirac-Born-Infeld action where it generates the volume form of a 
non-symmetric metric. These geometries, however, still do not present the most general 
case for an area metric geometry. 

In this paper, we investigate the geometry of smooth manifolds M equipped with an 
arbitrary area metric G. Technically, such an area metric is an algebraic curvature map, 
and we will make use of a decomposition theorem 5|, IgJ for such structures which was proven 
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only very recently. The essence of this theorem is that the area metric G can be specified 
by the provision of a finite set of standard metrics {g'^'^^ \i = 1 . . . A^}. We thus consider 
multi-metric backgrounds with the requirement that none of the metrics is distinguished. 
The collection of metrics is then interpreted as an area measure. In this way we obtain, 
from the structure of the equation for stationary surfaces, i.e., from the string equation of 
motion, a curvature tensor in terms of the area metric components g^^\ This construction is 
not straightforward, due to the non-linear structure of the space of areas (as we will explain 
in detail), and depends on the above-mentioned decomposition of the area metric. For the 
construction of differential geometric structures independent of a particular decomposition 
of the area metric, see [3]. 

Our construction of curvature tensors, and also of scalar densities, associated with an 
arbitrary area metric G given by the collection {g^^^ allows us to formulate a new class of 
gravity theories on multi-metric backgrounds. On such spaces, it is no longer possible to 
discuss point particles due to the absence of a distinguished length measure; one must resort 
to strings as classical matter. In this sense, the interpretation of a multi-metric background 
as an area metric manifold provides a natural setting for classical string theory, and can 
even be seen as a geometric imperative to consider strings. Conversely, the inherently 
stringy character of gravity theories formulated on multi-metric manifolds suggests that the 
latter might prove useful in the study of the gravitational sector of string theory. 

String theories are not the only physical motivation to study the geometry of area mea- 
sures. Gauge field theories provide an important sector of the standard model, and give 
another example of matter, besides classical strings, which can be discussed on manifolds 
merely equipped with an area metric. This can be seen from their corresponding space- 
time action on metric manifolds which can be rewritten in a form that only employs the 
metric- induced area measurement. Then the obvious generalization is the replacement of the 
induced area measurement by a completely general one using finitely many metrics, which 
we will discuss in more detail below. The electromagnetic field in particular can therefore 
immediately act as a source for the gravitational field in an area metric (multi-metric) grav- 
ity theory. This insight provides a raison d'etre for such theories entirely independent of 
string theory. 

Another important application of area metric geometry may arise in conjunction with 
gravity theories whose solutions feature sectional curvature bounds 0, . The actions of such 
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theories contain arbitrary powers of the Riemann-Petrov tensor. This type of corrections to 
the Einstein- Hilbert theory cannot be converted into matter terms by transformation of the 
spacetime metric, as would be convenient for studying the Cauchy problem or the stability 
of solutions. Such a reformulation of the theory is obstructed by the disparate number of 
degrees of freedom contained in the spacetime metric and the Riemann tensor [9|, 110[ • An 
area metric, however, both plays a key role in sectional curvature bounded gravity theories 
and as an algebraic curvature map also features the same degrees of freedom as the Riemann 
tensor. It is therefore likely that area metric manifolds also provide a sufficiently general 
setting for a more detailed study of sectional curvature bounded gravity theories. 

There might be a number of further potential applications of area geometry in connection 
to other ideas of recent interest, such as bimetric gra vity theories jll, 12, Q, Q or Regge 



15|, 



16|, 



17l |. We will present some more 



triangulations of spacetime with area variables 
speculation in that direction in our conclusion. 

Quite apart from all applications in physics, the geometry of manifolds equipped with 
an area metric presents an interesting mathematical problem in its own right. It presents a 
natural generalization of Riemannian geometry, replacing the concept of length measurement 
with the help of a single metric by area measurements through a particular combination of 
a finite set of metrics. To the best of our knowledge, this problem has not been studied 
before. 

The paper is organized as follows. In the following section [III we introduce the notion of 
an area metric manifold, explaining in detail how area metric geometry generalizes standard 
Riemannian geometry. Central point is the Gilkey decomposition whereby we generate 
a general area metric from a finite set of metrics. Section IIIII takes a closer look at the 
bundle of non-linear area spaces over a manifold, which are varieties embedded into the 
antisymmetric two-tensors. We continue with a discussion of surfaces and the integrability of 
area distributions in section IIVI Some mathematical development is presented in sections |V] 
and IVIi we introduce the concept of area metric compatible connections and construct 
such a connection from the Gilkey decomposition. This connection allows the definition of 
a derivative action of areas on areas, which in turn is important in order to rewrite the 
equation for stationary surfaces covariantly. This reformulation of the stationary surface 
equation, in section IVIH is at the heart of this paper, as it proves the relevance of area 
metric compatible connections for multi-metric generated area geometry. Tensors for such 
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backgrounds are constructed in section IVIIIt as ingredients for our discussion of gravitational 
dynamics in section IIXI which is accompanied by an example derivation of simply coupled 
equations of motion for the Gilkey component metrics. In section |X] we show how gauge 
theories may provide sources for an area metric geometry. We conclude in section IXII 

II. MANIFOLDS WITH AREA METRIC AND MULTI-METRIC GEOMETRY 

In this section we axiomatically introduce the notion of an area metric manifold and 
explain the composition of the area metric from a finite set of standard metrics. 

ILL Definition of area metric manifolds and algebraic curvature maps. An area met- 
ric manifold (M, G) is a differentiable manifold M equipped with an algebraic curvature 
map G, which is a fourth rank covariant tensor G : (TpM)*^^ M satisfying the symmetry 
requirements 

G(X, Y, A, B) = G{A, B, X, Y) = -G{X, Y, B, A) (1) 
and the cyclicity condition 

G(X, A, B, C) + G(X, B, C, A) + G{X, C,A,B) = 0. (2) 

By the first condition, an algebraic curvature map has two antisymmetric index pairs which 
can be symmetrically exchanged. Hence we may consider G as a metric on the space of 
antisymmetric two-tensors, i.e., as a map TpM ® f\^TpM R. Why one may employ 
such G clS cLrG3i metrics will become clear in the following section. The second condition, 
cyclicity, is equivalent to the statement that the total antisymmetrization of the last three 
indices vanishes, Ga[bcd\ = 0. This property guarantees that the area metric falls into the 
— l)/12-dimensional irreducible representation of the local frame group SL{d,M.). We 
further assume that the area metric G has an inverse, corresponding to a map 
/\ T*M M, such that G'^G = id^2^^J^,^. Note that the inverse area metric generically does 
not lie in an irreducible representation, it may also have a totally antisymmetric projection. 
(One exception where the totally antisymmetric projection of the inverse area metric vanishes 
is the metric-induced case, which we shall discuss now.) 

IL2. Induced area metric geometries. Metric manifolds {M,g) present a special case 
of area metric manifolds, since a metric induces an area metric to define (M , Gg) via 

Gg{X, Y, A, B) = g{X, A)g{Y, B) - g{X, B)g{Y, A) , (3) 
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for which expression the properties of an algebraic curvature map are readily checked. This 
construction has a clear geometrical interpretation. Knowing how to measure lengths and 
angles, one can measure areas: the expression Gg{X,Y, X,Y) returns precisely the squared 
area of the parallelogram spanned by the vectors X and Y. The converse, however, does 
not hold: the ability to measure areas does not imply a length measure, simply because an 
arbitrary area metric is not necessarily induced by a metric. A striking counter-example is 
provided by a two-form on M, which allows the definition 

G^{X, Y, A, B) = 0(X, B) - A) + 20(X, B) . (4) 

The induced map is indeed an algebraic curvature map, but one that is not induced from 
a standard spacetime metric g. 

Hence an area metric is a weaker structure than a metric, as length measurement implies 
area measurement but not vice versa. Importantly, while the definition of a general area 
metric manifold keeps all algebraic properties of the metric-induced case, an area metric 
admits more degrees of freedom than a standard metric. This fact is related to the following 
decomposition theorem. 

11.3. Gilkey's decomposition theorem. Any algebraic curvature map G can be written 
as a linear combination of algebraic curvature maps that are induced from a finite collection 
of metrics {g^^^ \ i = 1 . . . N}, in the form 

N 

G = ^ (T(i) , (T(i) = ±l, (5) 



i=l 

as has been shown only recently by Gilkey |5j (see also the weaker result of [S!]). However, 



no constructive algorithm for the decomposition of an arbitrary algebraic curvature map 



into metric-induced maps is currently known 



19|]. Correspondingly, it is an open question 



how many metrics are required for the decomposition of a given algebraic curvature map, 
although it is known that the number of required metrics, in d dimensions, is certainly 
bounded from above by d{d+ l)/2 \2(}\. Moreover, the Gilkey decomposition is not unique. 
A simple example may serve to illustrate this point: the decomposition ^ Ga^^^^g gives the 
same area measure G = Gg for all choices of conformal factors a(j) : M M provided they 
satisfy I]a(i) = 1- 

Hence we base our construction in this paper on a specific decomposition of an area metric 
G. From this vantage point area metric geometry simply is defined by the more detailed data 



of a multi-metric geometry. The geometrical significance of a collection of metrics {g^^^}, and 
signs {cr(j)}, lies precisely in the area measure which they generate, and not in any length 
measure, as none of the metrics g^^^ plays a distinguished role in the decomposition of G. 
All constructions will take care not to prefer any of these metrics. 



For some applications, such as string theory or non-symmetric theories of gravity [2l|, |22| , 
it might also be of interest to consider algebraic curvature maps of the simple form Gg + Gcf,, 
combined from a single standard metric and two-form, which however can always be written, 
by means of a Gilkey decomposition, in terms of only metrics. 

11.4- Area metrics of Lorentzian and Riemannian signature. The signature (P, Q) of 
an algebraic curvature map Gg : A TpM ® A TpM -* R which is induced from a single 
metric g of signature {p, q) on a manifold of dimension d = p + q is easily seen to be given 
by 

ip + q){p + q-l) 
P = pq, Q = pq . (6) 

An important corollary of this observation is that P = d — 1, if, and only if, the metric g 
is Lorentzian. Area metrics with signature {d — l,{d — l)((i — 2)/2) will therefore be called 
Lorentzian, irrespective of whether they are induced from a single metric g or not. Similarly, 
area metrics of signature {0,d{d — l)/2) are called Riemannian. Besides these conventions, 
note that no conclusions can be drawn for the signatures of the individual metrics in a Gilkey 
decomposition ([5]) of an area metric of specific signature {P,Q). This presents no problem, 
however, as only the signature of the area metric carries immediate physical significance, 
namely in distinguishing spacelike, timelike, and null areas (see below). 

In the remainder of this paper, we will investigate the geometry of manifolds equipped 
with an arbitrary algebraic curvature map, making essential use of the Gilkey decomposition. 
To be more precise, we will discuss the multi-metric geometry of particular area manifolds 
(M, G) for which G is defined by a given collection {{g^^\ ^(j))} of metrics. This is necessary 
because currently little is known about equivalence classes of decompositions that generate 
identical area metrics. However, all constructions will take particular care not to assign a 
distinguished role to any one of those metrics g^'^\ 
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III. AREA SPACES 



In the geometry of area metric manifolds, areas play a role analogous to the one of vectors 
in the geometry of metric manifolds. The space of areas over a tangent space TpM at any 
point p, however, is not a linear space, and it is worth spelling this out in more detail. 

111.1. Area spaces as varieties. On the vector space of parallelograms TpM © T^M, in 
which each parallelogram is spanned by two vectors (including the degenerate case where 
these vectors are linearly dependent), we may establish an equivalence relation by identi- 
fying two parallelograms {X,Y) ~ (A, 5), if they can be transformed one into another by 
an 5*^(2, M) transformation, i.e., if there exists a change of basis G 5'L(2,M) such that 
{X,Y)N = iA,B). The quotient 

A%M = {TpM © TpM)/SL{2, R) (7) 

then contains as elements the oriented areas over TpM. 

It is important to note that A^TpM is no longer a vector space, but can be embedded 
as a polynomial subset into the vector space TpM of antisymmetric two-tensors. To see 
this, we consider the wedge product X AY = |(X © F — F © X) between two vectors X 
and Y, which automatically implements an 5*17(2, M) invariance, since the action of this 
group simply produces a determinant factor of unity. In consequence, A'^TpM contains 
precisely the so-called simple antisymmetric two-tensors which can be written as a wedge 
product of two vectors. One can show that a given G /\^ TpM is simple, if, and only if. 
Ail = 0. This finally yields the identification of the oriented polynomial subset 

of the vector space of antisymmetric two-tensors: 

A^TpM = {ne l\^TpM I A = 0} . (8) 

Polynomial subsets of vector spaces are called varieties in algebraic geometry 23|, and so 
the area space is a variety embedded in TpM. 

111. 2. Area measurement. In the strict sense, area measurements therefore require a va- 
riety morphism G : A^TpM x A^TpM —>■ M, which allows writing infinitesimal area elements 
in the form 

dA'^ = Gabcd{dxlAdx2){dxlAdx2). (9) 

This variety morphism would provide the area metric, but it is no tensor because A'^TpM 
is no vector space. Any antisymmetric tensor Q G /\^TpM, however, can be written as a 



linear combination of areas, i.e., of elements of A^TpM (after choosing such a basis). This 
explains why we may use the linear extension to the tensor G : /\^ TpM ® /\^ TpM ^ M in 
the definition of area manifold geometry, and call such tensors area metrics. The symmetries 
of algebraic curvature maps imply that an area metric automatically identifies parallelograms 
that are SL{2,'R) equivalent, and thus measures areas. On a Lorentzian area manifold we 
distinguish spacehke, timelike and null areas, respectively with G{Q, Q) > 0, G{Q, Q) < 

and G{n, n) = 0. 



IV. SURFACES AND TANGENT AREAS 



The fundamental duality between curves and vector fields in differential geometry has an 
analogue, with some additional provisions, at the level of surfaces and tangent areas. 

IV. 1. Embedded surfaces and the Frohenius integrability criterion. A surface in the 
manifold M is a smooth embedding S : U — M of a simply connected region f/ C into M. 
The oriented area tangent to S* in a point p & S depends on the chosen parametrization 
of S, i.e., on the choice of coordinates (r, a) for U. This tangent area is defined by 

np = Si,AS2p, (10) 

where Sip and are the respective tangent vectors to the curves S{t,0) and S{0,a), 
assuming without loss of generality that p = S{0,0). We already know from the previous 
section that equivalence classes of surfaces with the same tangent area at a point will not 
form a tangent vector space, but the variety A^TpM. We will denote the bundle of tangent 
area spaces over M simply by A^TM. 

While any smooth vector field is integrable, i.e., can be considered the tangent vector field 
of a congruence of curves, not any smooth section of the area space bundle A^TM is tangent 
to some smooth surface. The necessary and sufficient condition for the existence of such 
smooth surfaces tangent to a given area distribution X A F is the Frobenius integrability 



criterion 2J] . It guarantees integrability, if, and only if, the commutator [X, Y] lies in 
the plane spanned by X and Y, i.e., [X, F] G (X, y), or, in other words, that the area 
distribution X /\Y is involutive. 

IV. 2. Integrability of sections of the area bundle. It is instructive to state the Frobenius 
integrability criterion in the language of the area bundle A^TM, and to this end we define 
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an anticommutator bracket between two sections Q and E of the bundle of antisymmetric 
two-tensors f^TM. The anticommutator bracket is defined, solely using Lie and exterior 
derivatives, by its action on an arbitrary one-form uj e T*M, as 

{n, EjLo; = ^ {Cj:^M + J^ni.oj^ - 2J:i_dujM - 2n\_dujT) , (11) 

where the symbol l denotes contraction of adjacent entries, i.e., {U\_VY-^c...d — U"'"'^Vmc...d', 
we similarly use the symbol j. The dcu terms on the right hand side are constructed such 
that S}l(/c<j) = f{n,T.}\_uj for any function /, which ensures that {^2, S} is a tensor. 
It is in fact a totally antisymmetric tensor of rank three in /\^ TM with components 

{E, n}""^^ = E"^["9^fi'''=i + fr^^dm^^"^ . (12) 

For a distribution of oriented areas fl e A^TM, we can always find vector fields X and Y 
such that O, — X AY. The anticommutator bracket of the area distribution with itself then 
gives 

= -nA[X,Y]. (13) 

Clearly, this expression vanishes, if, and only if, the commutator [X, Y] lies in the plane 
defined by fl, i.e., if, and only if, the area distribution ft is involutive. By the discussion of 
the Probenius integrability criterion above, a section Q of the A^TM (variety) bundle hence 
is the tangent area distribution of a smooth surface, if, and only if, 

{n,O} = 0. (14) 

Supplementing this equation with the simplicity condition 

OAO = 0, (15) 

which ensures is an area clement in the embedded variety A^TM, extends the 

integrability criterion to sections of the /\^ TM (vector) bundle, which will be convenient 
later on. 

V. AREA METRIC COMPATIBLE CONNECTIONS 

We have seen that the bundle of tangent areas A^TM over a manifold M is the one 
of immediate relevance to area metric geometry, and that its typical fibre A^TpM is not a 
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linear space, but merely a variety, a polynomial subspace of the vector space /\ TpM of 
antisymmetric two-tensors. While it is of course possible to equip non-vector bundles with 
a connection, the lack of an addition on A^TM prohibits the construction of a covariant 
derivative. Instead, it will turn out to be useful to establish a connection V on the vector 
bundle /\^ T*M of differential two-forms, which is the dual of the antisymmetric two-tensors, 
making essential use of the Gilkey decomposition for area metrics. The extension of this 
connection to arbitrary tensor powers f\^"^T*M ® /\^'^TM then turns out to both trans- 
port areas into areas and to conserve their inner product. We expand on these geometric 
properties, before diving into the detailed construction. 

V.l. Geometric properties. We call a connection on f\^TM over a manifold (M, G) 
area metric compatible, if it annihilates the area metric, 

VxG' = 0, (16) 

for arbitrary vectors X. The condition ensures that parallel transport preserves the inner 
product between sections of TM, in particular areas, and thus also the area measure. 

Further intuitive geometric consequences of area metric compatibility follow by consider- 
ation of the volume form uj, which is defined by its components 

u;a,...a, = {detGy/^''-'^ia,...a,, (17) 

where e is the totally antisymmetric Levi-Civita density, with ei2...d = +1- The determinant 
is evaluated for G : /\^ TM ® ~^ even-dimensional manifold of dimension 

d > 4, area metric compatibility VxG = implies Vxi^ = 0. This is not too surprising as 
u is completely defined in terms of G. In a coordinate basis, using connection coefficients F 
to be introduced abstractly in flMl) . we find 

where the second term must be of the form Afbiai...aa- The coefficient J\fb is determined by 
contraction with g'^i - '^d^ which procedure leads to a common prefactor for the Levi-Civita 
density, and hence to the equivalence 

VXCO = ^ T"'''mnb=\GP''''dbG,,rs. (19) 

The right hand equation is implied VxC = 0, as is best seen from the corresponding 
coordinate expression contracted with the inverse area metric G~^. 
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The covariant constancy of the volume form imphes that the property that two areas 
intersect is not violated by parallel transport, and also that areas are parallely transported 
into areas. To see this, note first that 1] A $ = <S=^ u!{Q, $, Si . . . Hp) = for arbitrary 
antisymmetric two-tensors fi, $, Si . . . Sp and non-negative integer p = {d — A)/2 (which 
restricts the construction to even dimensions d > 4). For areas Q, $ this is the intersection 
property. Secondly, the connection acts on the volume form as follows: 

Vx Hn, $, Si . . . Sp)] = (Vx^)(^^, $ , Si . . . Sp) + iuiVx^, $, Si . . . s^) 

+ uj{n, Vx$, Si . . . Sp) + uj{n, $, VxSi . . . Sp) + . . . . (20) 

So, if Vxt^ = 0, and Vx^ = = are areas parallely transported along an integral 

curve of some vector field X and intersect in one point of this curve A $ = 0, then the 
complete right hand side above vanishes. Hence Q and $ intersect along the whole curve. 
As a special case consider = $ sections of /\^ TM. The same argument then shows that 
areas are transported into areas. 

V.2. Construction of the connection. We now construct an area metric compatible 
connection for our multi- metric backgrounds, i.e., for those area metric manifolds {M,G) 
for which G is generated from a set of standard metrics {g^^^ i = 1 . . . N}, according to the 
Gilkey decomposition formula 

Two ingredients are important for the construction. The first is that each metric g^'^^ in the 
area metric decomposition gives rise to a unique torsion-free, metric compatible connection 
on the tangent bundle. These respective Levi-Civita connections in turn induce a collection 
of connections V*-*-* on /\^ T*M by their usual extension to tensor powers T"^M ® T*"M. 
The second important ingredient is that the Gilkey decomposition naturally induces a de- 
composition of any two-form i7 G /\^ T*M into a sum of two-forms fi'-*-' according to 

N N 

Q = Y, fi« = G^^\G-\n, ■),■), (21) 

i=l i=l 

where we write G^^^ = Gg(i). 

We can therefore immediately define a connection V on T*M by the action of the 
connections V*-*-* on the two- form components 

N 

Vx^^ = 5^v«^]«, (22) 

i=l 
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which is easily checked to have the correct properties: it is C°°(M)-hnear in X and R-hnear 
in Q, and also satisfies the Leibniz rule 

N 

Vxim = {f^x^^^ + iXf)Q^^) = fVx^ + {Xm ■ (23) 

i=l 

The /\^ T*M connection V is, as usual, completely determined by connection coeffi- 
cients r, arising from its action on the basis elements in the standard basis {e"i Ae"^ |ai < 02} 
of T*M, 

Va e'^ A e"^ = -r'''\,c,a e"' A e^^ . (24) 

Here we have used the convention that an index pair C1C2, further indexed by numbers, only 
takes values such that Ci < 02- This avoids overcounting of the basis elements of /\^T*M. 
Indexed index pairs that are summed over can be converted into un-indexed pairs by the 
introduction of a factor of 1/2. We will adhere to this convention from now on. The sign 
convention employed in the above definition is the standard one for covariant tensors. Prom 
the definition of the connection, one finds, using the algebraic properties of the V^'\ that 

N 

where the F^^ denote the Christoffel symbols associated with the metric components g^'^\ 
For = 1, i.e., for a simply induced area metric Gg, the connection reduces to the one 
induced on the two-form bundle from the Levi-Civita connection of g. 

From the above expression, it is clear that normal coordinates, with vanishing connection 
coefficients, cannot exist. What one can do is to choose normal coordinates for one of the 
components F*^*\ Two exceptional cases escape this observation: normal coordinates do exist 
for = 1, and if = g. These cases provide the metric limit of multi- metric geometry, 
or of area metric geometry in this paper's sense. 

To make it absolutely clear that the above connection is not purely determined by the 
area measure, but by the detailed specification of Gilkey components, we consider again the 
non-unique decomposition example G = ^ ^a(i)3 ^r conformal rescalings a(j) : M ^ R such 
that = 1- The connection components in this case read 

N 

r'^Kc.a = 4r(^)[::|„|^jl +45]a^,C«[^;i„l<53 , (26) 

1=1 



13 



where C*^*^ is the change of the Levi-Civita connection of g under conformal rescahng by a^iy. 

C^'^l = I (^c Va log a(,) + log a(,) - g,,V' log a(,)) . (27) 

Although the connection is thus unique for constant rescalings a(j), this is not true in the 
generic case, which shows that the connection is not one for area metric manifolds, but for 
multi-metric backgrounds admitting an area interpretation. 

V.3. Extension and area metric compatibility. It is no difficult matter to extend 
the connection V on /\^ T*M to arbitrary tensor products of /\^ T*M and its dual 

TM = (A^ r*M)* by virtue of the Leibniz rule 

V{T®S) = {VT)(g)S + T®{VS) (28) 

for any two tensors T and S, and the property that contraction and the action of the 
connection commute. In this fashion, V also defines a connection on the antisymmetric 
tensors A^ TM, with connection coefficients defined by the action 

Va Cc, A = T^^'^'cc^a Cb, A Cfe, , (29) 

if a basis {ca^ A Cag} dual to {e*^^ A e"^} is chosen. The connection coefficients here pre- 
cisely agree with those in fl25l) . determining the f\^T*M connection, which is a convenient 
consequence of the minus sign in the definition ([21]) • 

That the extended connection is metric and area compatible is quickly established. Co- 
variant constancy of the area metric under the action of V follows from the explicit calcu- 
lation of the partial derivatives 

N 
i=l 

Writing Va(jrciC2piP2 ~ d^G c\C2piP2 1^ ^ ^ciC2aG^6if)2Pip2 1^ ^ ^ pip2aG ciC2b-ib2i 1^ 1^ then easily 
seen that VG = 0. We already know that this also implies the trace condition fll9l) for a 
covariantly constant volume form uj in even dimensions > 4. The connection ([221) defined 
by the Levi-Civita connections of the Gilkey decomposition of the area metric G is hence 
area metric compatible. 

V.4- Contraction to a tangent bundle connection. A tangent bundle connection (with 
coefficients F^bc) induces connections on any tensor bundle, hence in particular on the bundle 
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of differential two-forms, where the induced coefficients are 



i ind.afec = 4i [a|c|0^ • [6L) 

Starting with a f\^T*M connection (with coefficients r™"afec), it is less obvious that the 
converse holds as well. But indeed, a one-parameter family of tangent bundle connections 
is induced, with coefficients defined by appropriate contractions as 



■pa 



be 



(32) 



d-2 

The particular combination of the first two terms already transforms as a connection. The 
terms in round brackets transform as a tensor, antisymmetric in the lower two indices, which 
simply modifies the torsion T°'bc = ^"'[bc], in a way depending on the value chosen for the 
parameter A. 

Using T'^'^abc = 3r™"[abc]) which we will find to be the components of the /\^ TM torsion 
defined in section IVIIIt the complete expression for the torsion T is 



= ^ [ (^A - - j [tp\,, - ^r%,[,55 J + -T%,,J . (33) 

Hence the simplest parameter choice is given by A = 1/2, in which case a vanishing tor- 
sion T of the /\^ TM connection implies vanishing torsion T of the induced tangent bundle 
connection. We may then nicely display the symmetric and antisymmetric parts of the 
connection: 

r^c = ^ (r^%(,e) - ^(^r^%(,5:)) + ^^^f'\bc ■ (34) 

The induced tangent bundle connection will prove useful below in evaluating surface integrals 
while performing the variation of gravitational actions. 

In the special case of an area metric Gg induced from a single metric g, the contraction of 
the /\^ TM connection (l25l) yields the Levi-Civita connection for g, which in turn induces the 
/\^TM connection by virtue of ( 1311) . The construction therefore reduces neatly to standard 
differential geometry if the area measure is metric-induced. 



VI. DERIVATIVE ACTION OF ORIENTED AREAS 

In this section we will construct a derivative action of areas that is based on a 
connection V. Based on this derivative action we will rewrite the equation for surfaces of 
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stationary area in the following section. This rewriting provides generalizations in at least 
two respects. On the one hand it generalizes the geodesic equation for metric manifolds to 
a corresponding stationary area surface equation on manifolds with multi-metric generated 
area measure. On the other hand it also generalizes the string equation of motion, which 
is the stationary area surface equation for a simple metric- induced area metric Gg, to our 
arbitrary area measures G. We will also read off the connection coefficients from the sta- 
tionary surface equation, and find that they coincide precisely with those of the area metric 
compatible TM connection constructed in the previous section. 

VIA. Definition of the area action. Let V be a connection on f\^TM. Choosing 
a frame basis {ei . . . e^} of TM, and considering the induced basis on /\^ TM given by 
{cai A Caa}, the Connection is completely determined by connection coefficients F^^^'^cicaa as 
in equation fpUl) . 

We may then define a derivative operator that provides a left action D^, of an area 
H = A f\ B m A^TM on a section Vt of the bundle of antisymmetric two-tensors /\^ TM, 
sending this section to TM ® TM by 



As noted before, any area S can be written with the help of two vectors {A, B) as A A 5, but 
these vectors are merely representatives, because any other pair of vectors related to (A, B) 
by an SL{2, M) basis change describes an equivalent area. This means that the right hand 
side of the above definition must be 5*1/(2, M) -invariant in order to be well-defined, which is 
readily verified. 

VI. 2. Properties of the area action. The left action of oriented areas on antisymmetric 
tensors, as defined above, satisfies the following properties: 



(35) 



(36a) 



(36b) 



Dj^ifQ) = fDsQ+{D^f)®Q 



(36c) 



for any area S G A'^TM, any f], $ G /\^ TM and any smooth function / on M. Moreover, 
the action of an area E on a function / has a neat geometrical interpretation: 



(37) 
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lies in the plane given by S and is therein orthogonal to the gradient of / because of 



only results in an area, if S A 11 = 0, i.e., in case the two areas intersect. (In this case one 
may choose representatives = X A A and 11 = X A -B such that + U = X A {A -\- B).) 
Then, and only then, is -Ds+n defined, and we have 



In general, therefore, we can only conclude that D-£^l is linear in f2, but merely homogeneous 
of degree one under smooth rescalings of S by a function on the manifold M. 

VII. STATIONARY SURFACES 

The aim of this investigation is to explore the geometry of area metric manifolds (M, G) 
for which G is generated by a specific finite set of metrics g^^\ One possible way to find 
guidance for the construction of tensors that can be built from Gilkey decomposition of the 
area metric is to consider the stationarity condition for the area of a surface, which is a well- 
posed geometrical question. We will now discuss the surface area integral and its relation 
to the Nambu-Goto action of classical string theory. Then we will rewrite the stationary 
surface equation in terms of the area derivative D introduced in the previous section, and 
recover precisely the same /\^ TM connection as followed from our previous construction, 
in section |Vl based on the Gilkey decomposition of the area metric. This result shows the 
importance of area metric compatible connections for the geometry of area metric manifolds. 

VII.l. Area integrals and string theory. The integrated area of an embedded surface 
S : U M from U gM? into a manifold M with area metric G is obtained using the fact 
that the expression G{X,Y^X,Y) returns the squared area of the parallelogram spanned 
by X and Y . The area of S is given by the area functional 



where 5*1 and 5*2 are the tangent vectors to the surface S which are determined along the 
parametrization (r, o") of f/, as defined in section HVl Note that the area action AcfS*] for 
given G depends only on the surface 5, independent of the choice of parametrization. It 




(38) 




(39) 
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will often be convenient to choose a specific parametrization such that G{Si, S2, Si, S2) = 1 
is normalized. 

At this stage it is straightforward to make contact with classical string theory. We may 
consider the surface S" as a string worldsheet embedded in the target space manifold M. If 
this embedding is coordinatized by functions a;"(r, cr), then we can write G{Si, S2, Si, S2) = 
Gabcdi"'x"'x'^x''^, where we denote by dots and primes the derivatives with respect to r and a, 
respectively. Strings are usually placed on a metric manifold (M, g), so that we should replace 
the general area measure G by a metric-induced Gg. In this case the area action functional 
can be rewritten in determinant form as 

^gJ5] = j drda^detdaX''df3x''gab{x), (40) 

which presents the familiar Nambu-Goto form of the string action, where the length measure- 
ment on the target space manifold is pulled-back to an area measurement of the worldsheet. 
This action, in its classically equivalent Polyakov form, provides the starting point for the 
quantized string. 

It should be emphasized, however, that the canonical commutation relations for the 
mode operators of the quantum string employ a metric in an essential way. The required 
geometry for quantum strings, i.e., manifolds {M,g,G) equipped with both a metric g and 
a (not necessarily induced) area metric G, has a structure rather different from the one 

discussed here, due to the distinguished role of a particular metric g. We will address this 

I, 

second, surprisingly different type of geometry in a separate publication [?|. 

Vn.2. Variation and boundary conditions. The variation of v4g'[S'] with respect to the 
surface 5* will yield the equation for surfaces of stationary area. We perform this variation, 
using a coordinatized embedding x°(r, a), and writing f2 = S'l A 5*2 = x A x' for the areas 
tangent to the surface S. This gives 

n''fdfQ.'''Gabcd + [dfGabcd - \dbGafc^ = hl^'f Q.'" G abcdd f lu {Gp.rs^^W) . (41) 

Note that the right hand side of this equation can be set to zero by gauge-fixing the 
parametrization in order to normalize the area to G{VL,VL) = 1. It is then easily seen that 
the equation is covariant: the left hand side can be written as 

^dkiGafcd^'^fn'^'') - In'^^diaiGf.^^.n'^^) , (42) 
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where the first and second terms are components of the one-forms dG{Q, Q) and 
[dG{fl, ■) (obtained from evaluating the three-form dG{fl,-) on the two-tensor fl), 
respectively. If the area metric G in the above equation were induced from some spacetime 
metric g, this equation should coincide with the usual string equation of motion which can 
be derived from the Nambu-Goto form of the action. This is indeed the case and can be 
checked with some amount of algebra. 

The above equation for Q = x A x' is not complete as it stands. It is only obtained from 
variation if the following boundary conditions are satisfied, 

+ [ dr^^^^xHx""^ = , (43) 



where the first integral is evaluated at the boundary dr of the original r-range, and the 
second integral is evaluated at the boundary da of the original a-range. Various different 
choices of boundary conditions are possible. For simplicity consider string worldsheets, for 
which — oo < r < oo specifies a time direction. Then there is no variation at infinity 
since dr = 0, and hence the first integral vanishes. The second integral computes the 
inner product G{x Ax',x A 6x) between two intersecting areas. The boundary points of the 
string generically move in time such that x 0. Two possibilities to cancel the integral 
remain: these are the well-known Neumann and Dirichlet boundary conditions, for which 
x'\da = and 6x\Qa = 0, respectively. Appreciation of the latter has led to the D-brane 



picture 25|, l26|, |27l] and the dualities and interconnections between string theories. 



However, reading the stationary surface equation (14T|) as an equation for the embedding 
functions a;"(r, a) of S is not what we are after here. Instead, we would like to read this tensor 
equation as a condition on a section Q of the bundle /\^ TM. As we saw in section \IV\ such 
a section represents the tangent area distribution of an underlying surface, if, and only if, it 
is integrable and simple. Therefore equation (HTl) is only meaningful, in the interpretation 
as an equation for a /\^ TM section Q, if it is supplemented by the simplicity criterion ( IT5|l 
and the integrability condition f|T^ . In gauge- fixed parametrization, we therefore wish to 
consider the set of equations 

= n'^fd^n^'^Gabcd + n'^^n^'' (^dfGabcd - ld,Gafc?j , (44a) 
= fiAfi, (44b) 
= {fi, n} (44c) 
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as an equivalent formulation of the stationarity equation in the language of the bundle of 
antisymmetric tensors /\^ TM. 

Vn.3. Geometry of the stationary surface equation. Before we continue our investiga- 
tion of the above set of equations, we emphasize again that the stationary surface equa- 
tion (HTl) requires the vanishing of a one-form (more obviously in the gauge-fixed case with 
zero right hand side). This equation is solved by what is usually called a minimal surface if 
the manifold (M, G) is Riemannian, by which we mean that it has an area metric that is pos- 
itive definite as a map TM ® TM — > M. Two-dimensional surfaces embedded in three 
dimensions are minimal precisely if their mean curvature vector vanishes everywhere 28|. 
We therefore may give a nice interpretation for the left hand side of the stationary surface 
equation: it presents a generalization of the mean curvature vector, which becomes a mean 
curvature one-form, to arbitrary dimension d and to arbitrary area metric G, i.e., arbitrary 
collection of metrics {(7^*^}. 

Our next task is to rewrite the stationary surface equations (jHj) for sections Vt of the 
bundle of antisymmetric two-tensors in terms of area geometric concepts. Assuming the 
simplicity condition i7 A i7 = 0, the section Vt is guaranteed to be an area distribution in 
A^TM. Hence we may use the derivative action Dq^ of area elements, developed in section IVll 
We will show that the stationarity equation can be written coordinate free as the condition 

G{Z, Dnn) = (45) 

for all vectors Z G TM, and that this determines the connection coefficients of the area 
metric compatible f\^TM connection underlying the definition of the area derivative D. 
That this equation then is solved by smooth surfaces tangent to the area distribution Vt is 
guaranteed by the remaining integrability condition {fi, Vt} = 0. 

The proof works as follows. We substitute the Gilkey decomposition of the area 
metric G into the stationarity condition f l44al) . using the expression ( l30l) for the partial 
derivatives of the area metric. The antisymmetry of Q, and the symmetry of a part of the 
equation under fi-exchange, now play an essential role in rewriting the stationarity condition 
as 

2Q^fGabc,c, (5/fi^^^^ + r^'\,e,fn'''') = , (46) 

where F^^^^^^^^^^ turn out to be the coefficients of the area metric compatible connec- 
tion V, whose definition in ([22]) uses the Levi-Civita connections associated to the area 
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metric components g^^\ The stationarity condition can therefore be expressed by the area 
action D, noting that contraction with an arbitrary vector Z gives 

= 2Z'Q^fVfQ''''Gabc,c, = -2G{Z, Dn^) • (47) 

The area metric G plays an important role in this expression, in contrast to the geodesic 
equation Vx^ = which is metric-free. Here, G cannot be inverted, and thus cannot be 
removed from the equation, because it features merely one free index. 

The stationary surface equation (jH]) therefore immediately leads to the area metric com- 
patible connection ( !22|) . Condition ( H5l) successfully casts the stationarity condition in terms 
of a /\^TM connection V that is fully determined by the multi-metric background {g^^''}, 
which in turn is interpreted as the area measure G. Hence, the curvature tensor associated 
with the connection V, which we will define below, generalizes the Riemann tensor of metric 
geometry to multi-metric area geometry. 

VIII. TENSORS AND SCALAR DENSITIES 

The rationale for finding a connection on /\^ TM was the construction of associated 
tensors, which we will consider in this section. Because of the area metric compatibility of 
our connection, and its crucial role in the stationary surface equation, the associated tensors 
will be of particular importance for multi-metric generated area geometry. An overview over 
the objects we introduce is given in table [11 

VIII.l. TM geometry and connection differences. We have studied a number of con- 
nections so far. The tangent bundle geometry features Levi-Civita connections associated to 
each component metric g^'^'' in the Gilkey decomposition of the area metric G. For complete- 
ness, we may provide further input at this stage, by choosing these connections completely 
general, with components r*^*)"bc- Each connection may then be written as 

r« = r['J, + e(') , (48) 

where the G*-*^ are tensors, additional to the Levi-Civita connection F^^, whose antisymmet- 
ric part provides the torsion, since be = F'^^^'^ffec] = 0*-*^'*[f,c]- Furthermore, each of these 
connections has an associated tangent bundle curvature given by its respective Riemann 
tensor R^''^"'i,cd- 
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On the bundle of antisymmetric two-tensors /\^ TM, into which the area bundle is embed- 
ded as a variety, we have the area metric compatible connection V with components T''^"'abc 
given by equation ( l25l) . with replaced by the general r^*\ Area metric compatibility is 
now no longer automatic, but requires we satisfy the condition 

N 

E ^i^)^%cG%P.P. + (^1^2 - Pm) = . (49) 

i=l 

As demonstrated above, the /\^ TM connection can be contracted to a further tangent bun- 
dle connection with components T°'hc, for simplicity given by the choice A = 1/2 in In 
turn all tangent bundle connections T^^\ T induce connections t[^^ , Find, on the antisymmet- 
ric tensors by their standard action on tensor products. Their coefficients are of the form of 
those in ( pTl) . 

It is well known that the difference of two connections acting on sections of the same 
vector bundle gives a tensor. Thus, taking all possible differences between our connections, 
we can immediately write down a number of tensors. These are listed in table [B Their most 
important use is for the conversion of different types of covariant derivatives, which we will 
encounter in due course. 

Note that the generalization to general affine connections F*^*^ does not change the station- 
ary surface equation ( l45i) which will still contain the Christoffel symbols of the Levi-Civita 
connections of the g^'^\ Compare this to the standard case of the geodesic equation derived 
from the stationarity of the worldline's length: it involves the Levi-Civita connection, but 
may, of course, be generalized to an autoparallel for any affine connection. In the same spirit, 
one may generalize the surface equation by substituting the generalized connections F*^*-*. 

Vin.2. Torsion on l\ TM. We now move on to discuss tensors associated to the area 
metric compatible connection V. The first tensor we define only involves first order covariant 
(partial) derivatives, and we will call it the TM torsion tensor. It is given by 

T(X, F, Z) = Vx{Y ^Z)- [X, Y]^Z + cychc permutations . (50) 

That T(X, y, Z) G TM properly defines a tensor follows immediately from the transfor- 
mation properties of the connection and the commutator which lead to C°°-linearity under 
smooth rescalings of each of the vectors X, Y, Z hj a function /. In a coordinate-induced 
basis for the tangent spaces, we find the components T(ea, Cb, Cc) = T"^^'"^^ abcGmi A with 

abc — [abc] — J- afec + J- bca + ^ cab ■ {■^i-) 
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The torsion T hence provides the totally antisymmetric part of the /\^ TM connection. 

For our area metric compatible connection ( !22l) with general TM components f HSl) and 
satisfying condition (H9l) . the torsion is given by 

N 

T-.,c = QG-'^f^ Yl ^(^)T^%tG'^Lf2 = • (52) 
1=1 

This obviously vanishes if we use the torsion-free Levi-Civita connections associated to the 
Gilkey components g^^\ which even have e(*) = 0. 

Area metric compatibility, however, does not require vanishing Q^^\ but merely condi- 
tion f H9l) . which does not prohibit a non-trivial solution space for the tensors B'-*-'. This can 
be seen as follows. Without loss of generality we may assume 9^^^ ^ and rewrite as 

^^'Vpi {t&ifl^M + = W/,-- , (53) 

where W contains all other G-terms. The term in brackets can be regarded as a map 
between endomorphisms of /\^ TM. As such it is not invertible because it vanishes upon 
multiplication with the analogous map (5^ — GG) . Hence it has zero eigenvalues, and there 
are solutions for B*-^-* even if all other B-terms vanish. A similar argument shows that T = 
does not imply T*^*^ = if there are at least two non-vanishing torsions. The simplest area 
metric compatible example with T = and non- vanishing torsions T^*^ has G^^^ = G^'^\ 
N^'^ = 0, and T^^) = -T^^l Hence it is clear that T = and area compatibility are not 
sufficient to uniquely determine the connection. 

Vin.3. Curvature on l\ TM. We may also construct the standard curvature tensor 
of the /\^ TM connection, as 

Y)Vt = Vx Vyfi - VyVx^ - ^[x,Yp ■ (54) 

As R{X,Y)Q G /\^TM, this defines a tensor of contravariant rank two and covariant rank 
four (for which the tensor properties are shown exactly in the same way as for the curvature 
of a tangent bundle connection). In the components of a coordinate-induced basis, the 
curvature tensor reads R{ea, ebjec^ A = R"^^"^'^ ciC2abGmi A with 

R'^'"'\,c2ab = 9,r™^™^,,,, + r'"^'"Vi/2ar^^^^cic26 -ia^b). (55) 

The obvious symmetries of R are antisymmetry in X, Y and Q, leading to antisymmetry 



23 



in Ci, C2 and a, b. We also find the algebraic and differential Bianchi identities 

-'- pmim2^ , _ rp mim2 . rpm\m2 ^ , 'TP, rpmim2 , (KRc^ 

^-tt [ciC2ab] - V[ai cicab] ~ ''■ /i/2[a^ cicafe] " ^ [ab^ cicab , l^baj 

Vr R'^i'^a _ _l7^/i/2 pmima fcifihl 

V [c-fL |ciC2|afe] — g-f afec-fl. C1C2/1/2 5 l^OUUJ 

which take a particularly simple form for vanishing /\^ TM torsion T = 0. The connection 
in the algebraic Bianchi identity is understood to operate on the underlined index pairs as 
the usual /\^ TM connection, and on the dotted index as the contracted tangent bundle 
connection V. We will use this shorthand notation whenever it is convenient to express that 
the connection is not purely /\^ TM. 
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Connection differences 
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-'^ = r - Tind. 







Table I: Overview over connections and tensors on TM and /\^TM. Quantities in the fields 
marked with an asterisk are not explicitly introduced; they are expressible in terms ofT^'^\R^'^^ and 
f,R. 



Vin.4- Action junctionals and surface integration. For the construction of invariant 
action functionals from scalar curvature invariants, we also need a volume c?-form uj to 
provide for an appropriate scalar density for integration over the area metric manifold. We 
have already introduced the components of the volume form uj = 0Jai...aidx°'^ A • ■ ■ A dx"""^ 
in a given coordinate- induced basis in equation (|T71) . Note that (det G)^/*^^'^"^^ is a density, 
which in the simple metric-induced case reduces to (det Gg)i/(2d-2) ^ ^^^^ ^^1/2^ should. 
The variation of the volume form with respect to the area metric is given by 

Qabcd 

Su = UJ g^^ _ ^^ ^Gabcd ■ (57) 

For the variation of invariant action functionals we further need to recognize surface 
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integrals. On a d- dimensional manifold, consider the surface integral expression 

/ ci'^xa4(detG)^/(2d-2)^aj (5g) 

J M 

for an arbitrary vector field A. Expanding the derivative and using criterion ( |T9l) we can 
rewrite the integral in terms of the coefficients of an area compatible connection (keeping uj 
covariantly constant) as 

h 

J M 

The right hand side has been obtained using the coordinate expressions for the contracted 
TM connection (1321) and the /yTM torsion ([52]). The appearance of the contracted TM 
connection is not surprising since the term in brackets must transform as a scalar. 
It follows that, up to a f\^TM torsion term, 

/ uj[VaA^] (60) 

J M 

is a surface integral which vanishes on manifolds M without boundary, dM = 0. Note 
another instance of our underline/overdot shorthand notation, introduced below equa- 
tions (IHUl) . to specify the operation of the connection. 

IX. GRAVITY FOR MULTI-METRIC AREA BACKGROUNDS 

In this section we will discuss various possibilities to construct gravity theories as dynam- 
ics for area metric manifolds (M, G) whose area metric G is based on a specific multi-metric 
Gilkey decomposition {g^^^. We begin with a discussion of the general principles before 
turning to a particular model, which exemplifies the variational procedure to obtain the 
equations of motion. 

IX. 1. Actions and form-invariant equations. A given set of metrics in which no metric 
plays a distinguished role cannot give rise to a length measure on the manifold, but only to 
an area measure, as we have explained. While we may explicitly use the Gilkey component 
metrics g^^^ to construct gravitational actions, we must satisfy the following requirement: 
variation must produce form invariant equations of motion for the g^^\ Only then none of 
these component metrics is distinguished and the resulting geometry has to be interpreted as 
an area geometry. It is difficult to systematically discuss actions which yield form-invariant 
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(59) 



equations, but our discussion of multi-metric generated area geometry above provides us with 
a set of objects whose definition aheady does not distinguish any of the Gilkey components: 
these include the area metric G, and hence the volume form u it determines, but also objects 
built from the area metric compatible connection, for instance, the /\^TM curvature R. 
Actions depending purely on these objecs should therefore yield form invariant equations 
for the g^'^\ Let us concentrate on actions of this type first. 

To form a scalar Lagrangian we need to find scalar curvature invariants. Because of 
the valence of the curvature tensor R, which is of rank 2 + 4, there is neither a natural 
contraction to a scalar, nor one involving the undecomposed area metric G or its inverse. 
The simplest curvature scalars built purely from R and its covariant derivatives, and from 
the undecomposed area metric G, hence are of the symbolic form G~^RR and VV-R with 
appropriate contractions. Theories of this form, and all other theories built from the same 
ingredients, generate equations of motion which generically contain fourth order derivatives 
of the area metric. This conclusion can be bypassed, however, by using a construction of 



Lovelock type I 



291]. Consider, for instance, the four-dimensional action 

. T3mim2 T3aia2 (~fciC2did2 ffil ^ 

ciC2[aia2^ \did2\m\m2\^ • V / 



IM 

Due to the total antisymmetrization of those indices of the curvature tensors that appear 
as partial derivatives on the area metric, no particular partial derivative acts more than 
once on the area metric at the level of the action, and hence should not act more than 
twice at the level of the corresponding field equations. This is, in essence, the observation 
underlying the construction of Lovelock invariants in metric geometry [30'], where higher 
order curvature invariants still yield second order field equations. A way of understanding 



Lovelock invariants algebraically has been dicussed recently 3l[ |. 

In a second step we neglect manifest form-invariance of the action which must then be 
checked for the equations of motion. One may now consider various alternative volume 
forms, such as 



det \^detg^^\'\ Y.[^eig^^^]"\ (62) 

In the latter case the scalar Lagrangian might also depend on the same index i over which is 
summed, thus giving rise to a less trivial linear combination of component metric densities. 
Explicitly employing the Gilkey components g'^'^^ of the area metric in the action, we are now 
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in a position also to consider first order curvature invariants. Using the /\ TM curvature 
R, or very similarly the tangent bundle curvature R, this allows the following simple type 
of Lagrangians, 

where the latter must be combined with the last density in ( l62l) to give at least an action 
that does not distinguish any particular g^^\ (But note that this requirement really is one on 
the equations of motion, and we will encounter an example where this is important below.) 
Further Lagrangians may be generated from the metric component curvatures R^^\ 

The equations of motion are derived by variation with respect to the Gilkey compo- 
nents g^^\ Solutions are then solutions for the set of these component metrics. The resulting 
multi-metric background may then be combined and interpreted as an area geometry (M, G) 
according to formula ([5]). The equations will generically couple the components. The only 
examples where coupling does not occur, and for which every component metric satisfies the 
same equation, which thus is trivially form invariant, are given by actions of the form 

S[9^'^] = / E [det^7«]^/^L(^«,i?») = . (64) 

One special case of this situation is a sum of Einstein-Hilbert Lagrangians for each g^^\ 
Note that the matter equations of motion, e.g., the string equation (H5l) . use intrinsically 
area geometric concepts such as our f\^TM connection even in case the area geometric 
background is generated from uncoupled equations. 

IX. 2. Gravity dynamics of a particular model. We proceed to consider one of the sim- 
plest gravity theories for multi-metric generated area metric manifolds which leads to coupled 
equations for the Gilkey component metrics. The action reads 

N 

S[9^A= / (65) 
Jm 

where the sum over the component Ricci scalars is integrated over the volume form uj 
composed from the area metric G. The coupling in the action is caused by the volume form 
only. We will see that the signs (T(j) are needed to produce form invariant equations for 
all This would not be the case for the same action without the signs cr(j), although 
such an action seemingly does not distinguish any particular g^'^\ The form invariance 
requirement hence constrains possible actions. 
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To obtain the gravitational equations of motion, we vary the action. This gives 
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where the first term comes from the variation of the volume form, and is already seen to 
produce a coupling in the equations of motion. The second equality is obtained using the 
connection difference tensor K^*) = r — F*^*^ and the formula (|60ll for surface integration, 
assuming that the boundary term vanishes and that the torsion T is zero. The next step is 
standard: one needs to express the variation of the connections F^*^ in terms of the covariant 
derivatives of the variations of the component metrics, V*-*''^^'*-*-'. In the ensuing partial 
integration, we again utilize the tensor V"*^*) and surface integration. This finally yields 
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where the equations of motion are now displayed by the terms in brackets for all values of i. 
Further coupling between the equations of motion for the component metrics g^^\ besides 
the first term from the volume variation, is hidden in the connection difference tensor V^^\ 
Note the importance of this particular connection difference tensor in obtaining surface 
integrals. Other connection difference tensors are needed, for instance, in case the action is 
built from the /\^ TM curvature. Then, in the variation, covariant derivatives of the connec- 
tion V have to be expressed by covariant derivatives with respect to the contracted tangent 
bundle connection V. An example of such a conversion, where one needs X = T — Find., is 



VpST—abc 



pdL abc + X 
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(68) 



This is not difficult to see by expanding the covariant derivatives in terms of connection 
coefficients, taking care of their different action on underlined and dotted indices. 

There are two ways in which to obtain the Einstein limit from the equations of motion 
in flUTl) . The first is to assume that the area metric G = is induced from a single 
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component metric. In this case the summation drops out and the connection difference V 

vanishes. The equation of motion simply becomes the Einstein equation Rg^'^ /2 — i?^^ = 
for g. The second way in which to obtain the same limit is to assume all Gilkey components 
coincide, such that g^^'^ = g. 



X. ELECTRODYNAMICS ON AREA METRIC MANIFOLDS 

As already mentioned in the introduction, it is an interesting characteristic of the La- 
grangian formulation of gauge field theories, and in particular of electrodynamics with an 
abelian gauge field A and associated field strength F = dA, that these theories do not re- 
quire length measurements. They can equally well be formulated on area metric manifolds, 
without even the need to use the multi-metric Gilkey decomposition of the area metric. 
Then the action reads 

f u^G^'^'F^.F^a^ f u^G^'^'VaAj^V^A^ (69) 

and reduces to the standard form J —gFahF°^ j ^ in case G is induced from a metric g on 
the tangent bundle. 

The vacuum equations of motion for ^4, additional to the Bianchi identity dF — 0, are 
derived from the action by variation. Using surface integration under the assumption that 
the torsion T vanishes, we find 

SaS^-J^uj ^Va (G^'^Fe,) 5 A, , (70) 

implying the following equations of motion, in which, after conversion with the connection 
difference tensor X, the covariant derivative acts purely as a fS^TM connection (so that we 
may drop the underlining of the indices) : 

VaF"' -X'^'f.f.aF^'^' ^Q. (71) 

We define the field strength with raised indices as F"'^ = G"'^'^^'^^ Fc^c2- 

A variation of the action with respect to the area metric components in the Gilkey 
decomposition of G gives 
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The resulting terms in brackets hence may provide 'energy tensors' which will appear as 
sources on the right hand side of the gravitational equations of motion for each of the 
component metrics g^^\ 

XI. CONCLUSION 

We have motivated area metric geometry as a natural habitat for string theory and gauge 
theories. In a certain sense, area metric manifolds may even be viewed as the geometrization 
of the string program; if one is only given an area metric on a manifold (and, importantly, 
no metric), one can no longer formulate point particle actions, but must consider strings. 
Area metric manifolds present a true generalization of Riemannian manifolds of arbitrary 
signature. More precisely, a given area metric G is generally not induced from a single 
metric, but can be combined from a finite collection of metrics, which is guaranteed by a 
decomposition theorem for algebraic curvature maps due to Gilkey [sl . As this decomposition 
is not unique we have chosen the following vantage point in this paper: 

We have developed the differential geometry of smooth manifolds equipped with an area 
metric generated from the more detailed specification of a multi-metric background. Im- 
portantly, in the construction none of the metrics was distinguished. Consequently, there 
cannot be a metric interpretation via a length measure, but the finite collection of metrics 
forms an area geometry via the Gilkey decomposition. 

This decomposition allows the construction of curvature tensors despite the inherently 
non-linear character of area spaces, which naturally play a pivotal role in this type of geom- 
etry. Our identification of the relevant geometric structures revolves around the covariant 
formulation of the equation for surfaces of stationary area on generic multi-metric back- 
grounds. The stationary surface equation allows one to identify a very specific expression, 
in terms of the metrics and their partial derivatives, as a derivative action of areas on areas, 
which in turn can be traced back to a connection on the two-form bundle. In this way, 
it becomes possible to derive geometrically relevant tensorial curvature invariants from the 
Gilkey decomposition. These invariants have been put to use in our discussion of some can- 
didates for gravitational dynamics whose multi-metric spacetime solutions admit an area 
interpretation through the requirement of form invariance of the equations of motion for 
the Gilkey component metrics. String or gauge matter can provide classical sources for the 
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gravitational field in a gravity theory based on such spacetimes. One might therefore sus- 
pect that at least the classical limit of the gravitational sector of string theory could have a 
relation to an area metric gravity theory. 

While the discussion of classical strings indeed only necessitates an area metric, the 
canonical quantization of strings requires a metric. Unless one interprets this as evidence that 
Lorentzian manifolds present the only appropriate background for quantum string theory, 
string quantization immediately leads one to consider manifolds {M,g,G) equipped with 
both a metric g and and area metric G. Surprisingly, on such manifolds one can construct 
curvature invariants entirely independent of any specific Gilkey decomposition, by virtue 
of a different covariantization of the stationary surface equation. We will discuss this very 
different type of geometry in a separate publication [3]. 
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22l | theories of gravity, but also generalized string geometries includ- 
ing the antisymmetric Neveu-Schwarz two form [21,1^,0], may be fruitfully reinterpreted from 
the point of view of area metric geometry. Rather than the individual metrics or two-forms 
in such approaches, it is then only the induced area metric that carries physical significance. 
This also allows the construction of new types of coupling between the individual quantities 
through the area geometric background with its relevant geometrical objects, as we have 
demonstrated in our simply coupled gravity example. This is no contradiction to previous 
work where it has been shown that coupling between a set of spin two fields 
be ghost-free 3^. The evasion of this no-go theorem becomes possible through our radically 
different area geometric interpretation, in which the metrics do not play any distinguished 
individual role. 

A particularly exciting connection appears to exist between area metric manifolds and 
Lorentzian manifolds with partial sectional curvature bounds. The latter are solutions to a 
class of gravity theories that modify the Einstein-Hilbert action by terms containing arbi- 
trary powers of the Riemann tensor sl, 9]. Within metric geometry, these correction terms 
cannot be converted into matter terms by virtue of a redefinition of the metric, due to the 
disparate degrees of .eedo,n of *e spaeeti.e .ef * and the Riemann tens, fl Q. View- 
ing the same action in the framework of area metric geometry, however, should allow such a 
redefinition at the cost of the area metric no longer being induced from a single metric, and 
is currently under investigation. This technique of converting problems in metric geometry 
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into potentially more accessible problems in area metric geometry may also prove useful in 
other contexts. 

Our studies may obtain further relevance in relation to spacetime triangulations by means 

nn 

of the area Regge calculus pJl, |16|, in which the areas of triangles are chosen as indepen- 
dent variables. In this scheme, there seems to exist no well-defined metric geometry in the 
continuum limit. While this may be interpreted by leaving the realm of smooth geometry, 
considering discontinuities of a single metric it seems not too daring a speculation 
that area Regge calculus might instead yield area metric manifolds with their finite collec- 
tion of metrics as a classical limit. Thus extending Regge calculus from edge lengths to 
area variables could provide a natural background independent quantum theory behind our 
constructions. 

In view of all these established, emerging, and speculative connections between area 
geometry and a surprising number of existing fields of study, we may expect to learn a lot 
more from this new point of view of differential geometry in future investigations. 
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